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One- and Two-
Sample
Estimation Problems

CHAPTER 9
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9.12 Single Sample:
Estimating the Variance




Point Estimating for Variance

If a sample of size n is drawn from a normal population with variance o2 and
the sample variance s? is computed, we obtain a value of the statistic S?. This

computed sample variance is used as a point estimate of o2. Hence, the statistic
52 is called an estimator of o2.




Interval Estimating of o?

An interval estimate of 02 can be established by using the statistic

n—1)52

9 |
X% = 2
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According to Theorem 8.4, the statistic X2 has a chi-squared distribution with
n — 1 degrees of freedom when samples are chosen from a normal population. We
may write (see Figure

al2 al2 2
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Figure 9.7: P(X?—a;i* < X? < Xiz'i‘) =1-—a.




Interval Estimating of 02

Dividing each term in the inequality by (n — 1)5? and then inverting each term
(thereby changing the sense of the inequalities), we obtain

P 3 < 0t <

2
Xﬁfﬂ Xl—ctj?

(n—1)82 (n—1)51 .

For a random sample of size n from a normal population, the sample variance s>

is computed, and the following 100(1 — @)% confidence interval for o2 is obtained.



Confidence Interval for o4

If s? is the variance of a random sample of size n from a normal population, a
100(1 — @)% confidence interval for o2 is

(n —1)s? co? o (n —1)s?
Xi;z er—a,fz

?

where 'Xi /2 and er_ oy A€ y2-values with v = n — 1 degrees of freedom, leaving
areas of a/2 and 1 — «/2, respectively, to the right.

An approximate 100(1 — @)% confidence interval for ¢ is obtained by taking
the square root of each endpoint of the interval for o2.



Example 9.18:

The following are the weights, in decagrams, of 10 packages of grass seed distributed
by a certain company: 46.4, 46.1, 45.8, 47.0, 46.1, 45.9, 45.8, 46.9, 45.2, and 46.0.
Find a 95% confidence interval for the variance of the weights of all such packages
of grass seed distributed by this company, assuming a normal population.




Example 9.18: Solution :

First we find

'L T 2
ny z?— (Z Ii)
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n(n —1)

10)(21,273.12) — (461.2)2

(10)(9)

To obtain a 95% confidence interval, we choose a = 0.05. Then, using Table
A5 with v = 9 degrees of freedom, we find x3 o, = 19.023 and Y2 4., = 2.700.
Therefore, the 95% confidence interval for o2 is

(9)(0.286) (9)(0.286)
903 <% < 3700

or simply 0.135 < 02 < 0.953. |



9.13 Two Samples:
Estimating the Ratio of
Two Variances




Point Estimating of the Ratio
of Two Population Variances

A point estimate of the ratio of two population variances o7 / o3 is given by the ratio

51/s3 of the sample variances. Hence, the statistic S7/S3 is called an estimator of
29

(k] fﬂ'g .




Interval Estimating of the Ratio
of Two Population Variances

If 02 and o2 are the variances of normal populations, we can establish an
interval estimate of 0% /03 by using the statistic

0357
0153
According to Theorem 8.8, the random wvariable F' has an F-distribution with

vi = niy — 1 and v9 = ng — 1 degrees of freedom. Therefore, we may write (see
Figure 9.8)

F:
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Figure 9.8: P[fi_o/2(v1,v2) < F < fo2(v, 1) =1—a.



Interval Estimating of the Ratio
of Two Population Variances

Plfi—aje(vi,ve) < F < faje(vi,n2)] =1 —a,

where fi_,/2(v1,v2) and f,/2(v1,v2) are the values of the F-distribution with vy
and vy degrees of freedom, leaving areas of 1 — a/2 and a/2, respectively, to the
right.

Substituting for F', we write

2 o2
0557

2 Q0
o153

P [f1_a;2(1'1; vg) < < faf?(vlvﬁ?):| =1-oa.

Multiplying each term in the inequality by S3/S7 and then inverting each term,
we obtain

S? 1 of S? 1 ]
P < < =1-—a.
[S:% fajﬂ(“l:-l’ﬂ) Jg 53 f1_a;9(1’1=’vz)



Interval Estimating of the Ratio
of Two Population Variances

The results of Theorem 8.7 enable us to replace the quantity fi_,o(v1,v2) by
1/ fas2(va,v1). Therefore,

P L 1 1 —1_a
[*93 fajﬂ('ul,t"g:] < J% < nga;’?(i’i’aﬂl)} e

For any two independent random samples of sizes ny and no selected from two
normal populations, the ratio of the sample variances s?/s2 is computed, and the
following 100(1 — )% confidence interval for 0% /03 is obtained.



Confidence Interval for 02,/0%,

If s and s3 are the variances of independent samples of sizes n; and ns, re-

spectively, from normal populations, then a 100(1 — @)% confidence interval for
2.2 :
o1/0o; is

2 2 2
7 1 o] 8]

— < —5 < 5 fay2(va,v1),
83 fas2(v1,v2) 03 85

where f,/2(vi,v2) is an f-value with vy = ny — 1 and vo = ng — 1 degrees of
freedom, leaving an area of /2 to the right, and f,/5(v2,v1) is a similar f-value
with vo = no — 1 and v1 = ny — 1 degrees of freedom.

As in Section 9.12, an approximate 100(1 — a)% confidence interval for oy /o9
is obtained by taking the square root of each endpoint of the interval for o2 /a3.



Example 9.19:

A confidence interval for the difference in the mean orthophosphorus contents,
measured in milligrams per liter, at two stations on the James River was con-
structed in Example 9.12 on page 290 by assuming the normal population variance
to be unequal. Justify this assumption by constructing 98% confidence intervals

for 0% /02 and for o1/09, where 02 and o3 are the variances of the populations of
orthophosphorus contents at station 1 and station 2, respectively.




Example 9.19: Solution

From Example 9.12, we have nqy = 15, no = 12, 81 = 3.07, and s» = 0.80.
For a 98% confidence interval, & = 0.02. Interpolating in Table A.6, we find
fo.01(14,11) == 4.30 and fj 1(11, 14) = 3.87. Therefore, the 98% confidence interval

for o3 /o3 is
3.07? 1 of 3.072
— 3.87
(0.809) (4.30) = 032 = (0 809)[ )

which simplifies to 3.425 < =+ < 56.991. Taking square roots of the confidence

limits, we find that a 98% conﬁdence interval for o /09 is

1.851 < 2L < 7.549.
Td9

Since this interval does not allow for the possibility of o1 /02 being equal to 1, we
were correct in assuming that o # o9 or Jf + Jg in Example 9.12. o |






